Published by Institute of Physics Publishing for SISSA/ISAS Received: December 28, 2004 Accepted: February 28, 2005

One loop photon-graviton mixing in an electromagnetic field: part 1

Fiorenzo Bastianelli

Dipartimento di Fisica, Università di Bologna and INFN, Sezione di Bologna Via Irnerio 46, I-40126 Bologna, Italy E-mail: fiorenzo.bastianelli@bo.infn.it

Christian Schubert

Max-Planck-Institut für Gravitationsphysik, Albert-Einstein-Institut Mühlenberg 1, D-14476 Potsdam, Germany, and Department of Physics and Geology, University of Texas Pan American Edinburg, TX 78541-2999, U.S.A. E-mail: schubert@itzel.ifm.umich.mx

Abstract: Photon-graviton mixing in an electromagnetic field is a process of potential interest for cosmology and astrophysics. At the tree level it has been studied by many authors. We consider the one-loop contribution to this amplitude involving a charged spin 0 or spin 1/2 particle in the loop and an arbitrary constant field. In the first part of this article, the worldline formalism is used to obtain a compact two-parameter integral representation for this amplitude, valid for arbitrary photon energies and background field strengths. The calculation is manifestly covariant througout.

Keywords: Cosmology of Theories beyond the SM, Electromagnetic Processes and Properties, Models of Quantum Gravity.

© SISSA/ISAS 2005 http://jhep.sissa.it/archive/papers/jhep022005069 /jhep022005069 .pdf

Contents

1. Introduction 1

2. Mixed electromagnetic — gravitational amplitudes in the worldline formalism 2

3. Calculation of the photon — graviton amplitude in a constant electromagnetic field: scalar loop 8

4. Calculation of the photon — graviton amplitude in a constant electromagnetic field: spinor loop 11

5. Conclusions 14

A. Ward identities 14

1. Introduction

In the presence of an external electromagnetic field, many quantum processes exist which are forbidden in vacuum (see, e.g., [1, 2]). In particular, transitions between bosons of different spin become possible [3, 4, 5]. One such process which has been well-studied is the axion-photon mixing in a magnetic field [5, 6, 7]. Similarly, also photon-graviton mixing is possible in an external field [3, 4, 5]. The corresponding tree level amplitude is contained in the coupling h_{μν} T^{μν} of the graviton h_{μν} to the energy-momentum tensor T^{μν} of the electromagnetic field,

T^{μν} = F^{μα}F^ν_α − 1 4 F_{αβ} F^{αβ}η^{μν} . (1.1)

Namely, when taking F^{μν} = F^{μν}_{ext} + f^{μν} with F^{μν}_{ext} the external field strength tensor and f^{μν} the photon field, h_{μν} T^{μν} yields the trilinear term h_{μν} ( F^{μα}_{ext} f^ν_α + f^μ_α F^{να}_{ext} ) − 1 2 h^μF^{αβ}_{ext} f_{αβ} . (1.2)

Due to the smallness of the gravitational coupling constant κ this process has attracted less attention than the axion-photon coupling. Nevertheless, its relevance for astrophysics has been scrutinized by a number of authors (see [8] for a discussion of possible laboratory experiments). In [5] photon-graviton conversion near a pulsar was studied but the transition rate was found to be very small. In [9, 10] it has been suggested that the same conversion due to a primordial magnetic field could be responsible for the observed anisotropy of the

– 1 – cosmic microwave background. However, [11] find that its effect becomes negligible for standard cosmological magnetic fields if plasma effects are taken into account. Renewed interest in this amplitude has been generated by the recent models with large extra dimensions [12]. These models contain additional massive Kaluza-Klein gravitons which might lead to an enhancement of the photon-graviton conversion effect. See [13] for a discussion of possible observable effects in astrophysics as well as in the laboratory. In the same context also graviton-photon conversion on spin 0 and 1/2 particles was considered [14].

To our knowledge, the photon-graviton amplitude has so far been considered only at tree level. In the present paper, we extend its study to include the one-loop corrections due to virtual spin 0 or 1/2 particles. Contrary to the tree level case, at one loop these amplitudes depend nontrivially on both the photon energy and the background field strength. Thus it is conceivable that, for some region in this two-parameter space, the one-loop amplitudes might be comparable with or dominating over the tree level ones. In the first part of this article, we use the ‘string-inspired’ worldline formalism to obtain compact integral representations for these amplitudes. Their numerical study will be undertaken in the second part.

Our calculation provides also a first example for the application of the string-inspired technique to mixed photon-graviton amplitudes. In recent years, methods derived from [15] or inspired by [16] string theory have been extensively used for the calculation of on-shell gluon [17] and graviton [18, 19] amplitudes, as well as for QED amplitudes in a constant field [20]–[27]. More recently, in [28] also the contribution to the graviton vacuum polarization involving a scalar loop was obtained. The treatment of gravitational backgrounds in the wordline formalism involves a number of mathematical subtleties which have been clarified only recently [29]–[35].

Phenomenologically, the photon-graviton amplitude is primarily of interest in the magnetic field case. However, in the formalism used here it makes technically no essential difference whether one calculates an amplitude in a constant magnetic or in a general constant field. Thus we will keep the electric component.

The organization of the paper is simple: In section 2 we present the general formalism for calculating one loop amplitudes involving either a scalar or spinor loop and any number of photons and gravitons, in vacuum or in a constant external field. Section 3 contains the scalar loop calculation, section 4 the spinor loop one. Our conclusions are given in 5. In the appendix we verify that the results obey the relevant gauge and gravitational Ward identities.

2. Mixed electromagnetic — gravitational amplitudes in the worldline formalism

The application of the worldline formalism to flat space calculations has been described in detail in the review [36]. However, the generalization to processes involving curved backgrounds, or gravitons, is less familiar. Therefore, after a brief description of the worldline formalism adapted to the case of a constant electromagnetic background, we will describe certain subtleties arising in this formalism with the coupling to gravity.

– 2 –

Let us first consider the case of a scalar particle coupled to electromagnetism and gravity. We use here euclidean conventions. The QFT for this scalar particle is described by a complex scalar field ϕ with action S[ϕ, ϕ^∗; g, A] = ∫ d^Dx √ g [ g^{μν} (∂_μ − ieA_μ)ϕ^∗(∂_ν + ieA_ν )ϕ + (m^2 + ξR)ϕ^∗ϕ ] (2.1)

where ξ parameterizes an additional non-minimal coupling to the scalar curvature.^1 The corresponding one-loop effective action is formally given by^2 e^{−Γ[g,A]} = ∫ DϕDϕ^∗ e^{−S[ϕ,ϕ∗;g,A]} Γ[g, A] = − log Det^{−1}(−_A + ξR + m^2) = Tr log(−_A + ξR + m^2) (2.2)

where_A is the gauge and gravitationally covariant laplacian for scalar fields obtained from (2.1). This effective action can be represented in the worldline formalism by Γ[g, A] = − ∫_∞ 0 dT T ∫ P BC Dx e^{−S[x;g,A]} (2.3) with the worldline action S[x; g, A] = ∫_T 0 dτ ( 1 4 g_{μν} (x)ẋ^μẋ^ν + ieA_μ(x)ẋ^μ + ξR(x) + m^2 ) . (2.4)

This worldline representation contains a standard integral over the proper time T , and a quantum mechanical path integral over the particle coordinates x^μ(τ). Due to the trace in (2.2) the path integral is to be taken with periodic boundary conditions x^μ(0) = x^μ(T ). Thus it corresponds to an integral over closed loops in spacetime. In the worldline or ‘string-inspired’ formalism, the path integral (2.3) is manipulated into gaussian form and then evaluated using appropriate worldline correlators. In an amplitude calculation, the external fields are specialized to plane waves. Then each external leg is represented by a vertex operator. For the electromagnetic field this is the photon vertex operator

V^A_{scal}[k, ε] = ε_α ∫_T 0 dτ ẋ^α(τ)e^{ik·x(τ )} (2.5)

with an associated coupling constant −ie. The graviton vertex operator will be derived below. For the calculation of the path integral, one first splits off the loop average position:

x^μ(τ) = x^μ_0 + y^μ(τ) , (2.6)

x^μ_0 ≡ 1 T ∫_T 0 dτ x^μ(τ) . (2.7)

1The value ξ = 0 is the minimal coupling, while the value ξ =^{D−2}_{4(D−1)} gives a conformally invariant coupling in the massless case.

2Our present definition of the effective action differs by a sign from the conventions in [36]; however, there is no difference at the amplitude level.

– 3 –

The path integral then factors into ∫ Dx(τ) = ∫ d^Dx_0 ∫ Dy(τ). The integral over x_0 just produces the global delta function for energy-momentum conservation. The reduced path integral ∫ Dy(τ) is gaussian and can be calculated using the Wick contraction rule [16]

⟨y^μ(τ_1)y^ν (τ_2)⟩ = −δ^{μν} G_B (τ_1, τ_2) . (2.8)

Here G_B is the ‘worldline Green’s function’

G_B (τ_1, τ_2) = | τ_1 − τ_2 | −

(τ_1 − τ_2)^2 T , Ġ_B (τ_1, τ_2) = sign(τ_1 − τ_2) − 2(τ^1 − τ^2) T , G̈_B (τ_1, τ_2) = 2δ(τ_1 − τ_2) − 2 T . (2.9)

Here and in the following we will often abbreviate G_{B12} ≡ G_B (τ_1, τ_2) etc., and a ‘dot’ generally refers to a derivative in the first variable.

The inclusion of a constant electromagnetic background field F_{μν} can be achieved easily [20, 23] using Fock-Schwinger gauge centered at the loop average position x_0. In this gauge

A_μ(x) = 1 2 y^ν F_{νμ} (2.10)

so that the presence of the background field produces only an additional term

ΔL = 1 2 iey^μF_{μν}ẏ^ν (2.11)

to the worldline lagrangian in (2.4). Since this terms involves y only quadratically it can be taken into account by an appropriate change of the worldline correlators. Namely, instead of (2.8), (2.9) one finds

⟨y^μ(τ_1)y^ν (τ_2)⟩ = −G^{μν}_B (τ_1, τ_2) (2.12)

with a field dependent worldline correlator [37, 23]

G_B(τ_1, τ_2) = T 2(Z)^2 ( Z sin(Z) e^{−iZĠB12} + iZĠ_{B12} − 1 ) , Ġ_B(τ_1, τ_2) = i Z ( Z sin(Z) e^{−iZĠB12} − 1 ) , G̈_B(τ_1, τ_2) = 2δ_{12} − 2 T Z sin(Z) e^{−iZĠB12} . (2.13)

where Z_{μν} ≡ eT F_{μν} . These expressions should be understood as power series in the Lorentz matrix Z; more explicit expressions are given below. Note the symmetry properties

G_{B12} = G^T_{B21} , Ġ_{B12} = −Ġ^T_{B21} , G̈_{B12} = G̈^T_{B21} . (2.14)

– 4 –

Contrary to the vacuum case, in a constant field background the worldline correlators have non-vanishing coincidence limits, G_B (τ, τ) = T 2(Z)^2 ( Z cot(Z) − 1 ) , Ġ_B (τ, τ) = icot(Z) − i Z . (2.15)

In the following a ‘bar’ on a quantity denotes the subtraction of its coincidence limit, e.g.,

G_{B12} ≡ G_{B12} − G_{B11} . (2.16)

Note that coincidence limits of worldline correlators are always constant due to their translational invariance.

The path integral determinant also becomes field dependent. In flat space [20] ∫ Dy(τ) exp [ − ∫_T 0 dτ ( 1 4 ẋ^2 + 1 2 ie x^μF_{μν}ẋ^ν )] = (4πT )^{− D2} det^{− 12} [ sin(Z) Z ] . (2.17)

The path integral representing a spin^1_2 particle in an electromagnetic field differs from the spin 0 case (2.3) above by a global factor of −^1_2 , and by an additional Grassmann path integral representing the spin, ∫ ABC Dψ exp [ − ∫_T 0 dτ ( 1 2 g_{μν} (x)ψ^μ ( ψ̇^ν + ẋ^αΓ^ν_{αβ}(x)ψ^β ) − ieψ^μF_{μν} (x)ψ^ν )] . (2.18)

Here the path integral is over antiperiodic Grassmann functions, ψ^μ(T ) = −ψ^μ(0). In the vacuum case, the appropriate worldline correlator is

⟨ψ(τ_1)ψ(τ_2)⟩ = 1 2 G_F (τ_1, τ_2) ≡ 1 2 sign(τ_1 − τ_2) . (2.19)

For a constant background field this correlator turns into

⟨ψ^μ(τ_1)ψ^ν (τ_2)⟩ = 1 2 G^{μν}_F (τ_1, τ_2) (2.20)

where

G_F (τ_1, τ_2) = G_{F 12} e^{−iZĠB12} cos(Z) , Ġ_F (τ_1, τ_2) = Ġ_{F 12} + G_{F 12} 2iZ T cos(Z) e^{−iZĠB12} . (2.21)

Its symmetry properties are

G_F (τ_1, τ_2) = −G^T_F (τ_2, τ_1) , Ġ_F (τ_1, τ_2) = Ġ^T_F (τ_2, τ_1) . (2.22)

The coincidence limits are

G_{F 11} = −i tan(Z) , Ġ_{F 11} = 2δ_{11} + 2eF tan(Z) . (2.23)

– 5 –

The free path integral in a constant F_{μν} background in D dimensions is normalized as ∫ Dψ exp [ − ∫_T 0 dτ ( 1 2 ψ · ψ̇ − ieψ^μF_{μν} ψ^ν )] = 2^{D2} det^{12} [ cos(Z) ] . (2.24)

The photon vertex operator (2.5) acquires an additional Grassmann piece,

V^A_{spin}[k, ε] = ε_α ∫_T 0 dτ [ ẋ^α(τ) + 2iψ^α(τ)ψ(τ) · k ] e^{ik·x(τ )} . (2.25)

In the flat space case, the naive gaussian path integration gives unambiguous and welldefined parameter integral representations. To the contrary, when the coupling to gravity is introduced more precise definitions of the worldline regularizations are required to define the path integral properly. Let us describe these issues briefly. First of all it is convenient to exponentiate the nontrivial path integral measure in a regularization independent way by using ghost fields [29, 30]. The covariant measure in (2.3) is of the form Dx = Dx ∏ 0≤τ <T √ det g_{μν} (x(τ)) (2.26)

where Dx = ∏ τ d^Dx(τ) is the standard translationally invariant measure. It can be represented more conveniently by introducing commuting a^μ and anticommuting b^μ, c^μ ghosts with periodic boundary conditions Dx = Dx ∏ 0≤τ <1 √ det g_{μν} (x(τ)) = Dx ∫ P BC DaDbDc e^{−Sgh[x,a,b,c]} (2.27)

where the ghost action is given by S_{gh}[x, a, b, c] = ∫_T 0 dτ 1 4 g_{μν} (x)(a^μa^ν + b^μc^ν ) . (2.28)

The extra vertices arising from the ghost action guarantee that the final result will be finite (see, e.g., [38]).

For the perturbative calculation of graviton amplitudes around flat space, one next linearizes the metric,

g_{μν} (x) = δ_{μν} + κh_{μν} (x) (2.29)

and then specializes h_{μν} (x) to plane wave form,

h_{μν} (x) = ε_{μν} e^{ik·x} . (2.30)

This leads to the following vertex operator for the graviton coupled to the loop scalar

V^h_{scal}[k, ε] = ε_{μν} ∫_T 0 dτ [ ẋ^μ(τ)ẋ^ν (τ) + a^μ(τ)a^ν (τ) + b^μ(τ)c^ν (τ) + 4ξ(δ^{μν} k^2 − k^μk^ν ) ] e^{ik·x(τ )} (2.31)

– 6 – with an associated coupling constant factor of −κ/4. The Wick contraction rules for the ghosts are

⟨a^μ(τ_1)a^ν (τ_2)⟩ = 2δ(τ_1 − τ_2)δ^{μν} , ⟨b^μ(τ_1)c^ν (τ_2)⟩ = −4δ(τ_1 − τ_2)δ^{μν} . (2.32)

Similarly, for the fermion loop case one finds a graviton vertex operator

V^h_{spin}[k, ε] = ε_{μν} ∫_T 0 dτ [ ẋ^μ(τ)ẋ^ν (τ) + a^μ(τ)a^ν (τ) + b^μ(τ)c^ν (τ) + (2.33) + 2 ( ψ^μ(τ)ψ̇^ν (τ) + α^μ(τ)α^ν (τ) + iẋ^μ(τ)ψ^ν (τ)ψ(τ) · k )] e^{ik·x(τ )} where α^μ are the additional bosonic ghosts arising from the nontrivial path integral measure for ψ^μ [35]. Their correlator is

⟨α^μ(τ_1)α^ν (τ_2)⟩ = δ(τ_1 − τ_2)δ^{μν} . (2.34)

In the perturbative expansion around flat space various worldline Feynman diagrams are linearly and logarithmically UV divergent. In fact the additional derivative couplings due to the metric worsen power counting in momentum space. The contributions from the measure, i.e. terms involving the ghost correlators, will always eliminate these divergences. Nevertheless, finite ambiguities are left over and dealt with by specifying a regularization scheme together with renormalization conditions.^3 These amount to the requirement that the path integral in (2.3) correspond precisely to the hamiltonian operator H = (−_A + m^2 +ξR) appearing in (2.2). These renormalization conditions produce a finite counterterm of the form ΔS_{CT} = ∫_T 0 dτ 2 V_{CT} (2.35)

that must be added to the action (2.4). Three regularization schemes have been worked out in detail for this purpose: mode regularization (MR), time slicing (TS), and dimensional regularization (DR). The corresponding counterterms are given by V_{MR} = − 1 8 R + 1 8 g^{μν} Γ^β_{μα}Γ^α_{νβ} , V_{T S} = − 1 8 R − 1 24 g^{μν} g^{αβ} g_{λρ}Γ^λ_{μα}Γ^ρ_{νβ} , V_{DR} = − 1 8 R . (2.36)

For details see [32, 31, 34].

In the present article, we will be interested in the graviton-photon amplitude in a constant electromagnetic background mediated by a virtual scalar particle loop. This means that we will only need to consider the linear coupling to the metric fluctuations around flat space. To this order the differences between the counterterms in (2.36) can

3We emphasize that these issues concern the one-dimensional worldline theory and bear no direct relation to the issue of regularization in spacetime, to be considered later.

– 7 – be neglected since they are at least quadratic in metric fluctuations. On the other hand the leading part of the counterterm contained in the −^1_8 R piece effectively changes the coupling ξ → ξ̄ = ξ −^1_4 in (2.4). This implies that to this order all three regularization schemes can be used interchangeably.

In the case of the spin 1/2 particle the coupling to R is fixed by the Dirac equation and corresponds to ξ̄ = 0. Additional details on the worldline formalism with background gravity can be found in [28, 35].

3. Calculation of the photon — graviton amplitude in a constant electromagnetic field: scalar loop

According to the above, the amplitude for the interaction of a graviton h and a photon A via a scalar loop, in the presence of a constant electromagnetic background field F_{μν} , is given by the following expression:

⟨h(k_1)A(k_2)⟩ = (−ie) ( − κ 4 )∫_∞ 0 dT T e^{−m2T} ∫ P DxDaDbDc V^h_{scal}[k_1, ε^h]V^A_{scal}[k_2, ε^A] ×

× exp [ − ∫_T 0 dτ ( 1 4 (ẋ^2 + a^2 + b · c) + 1 2 ie x^μF_{μν}ẋ^ν )] . (3.1)

Here V^{A,h}_{scal} represent the photon and graviton vertex operators for the scalar loop case, (2.5) and (2.31).

To start with, we perform the split (2.6) and the trivial x_0 integration which produces the global δ — function for momentum conservation. The remaining path integral ∫ Dy(τ) is gaussian and thus can be reduced to Wick contraction. Taking (2.17) into account, one obtains

⟨h(k_1)A(k_2)⟩ = ieκ 4 (2π)^Dδ(k_1 + k_2) ∫_∞ 0 dT T e^{−m2T} (4πT )^{− D2} det^{− 12} [ sin(Z) Z ] × × ⟨ V^h_{scal}[k_1, ε^h]V^A_{scal}[k_2, ε^A] ⟩ (3.2) (Z_{μν} = eT F_{μν} ). Performing the Wick contractions according to the rules (2.8), (2.32), and using (2.14), we obtain ⟨h(k_1)A(k_2)⟩ = (2π)^Dδ(k_1 + k_2)ε^h_{μν} ε^A_α Π^{μν,α}_{scal} (k) (3.3)

where k ≡ k_1, and

Π^{μν,α}_{scal} (k) = eκ 4(4π)^D2 ∫_∞ 0 dT T e^{−m2T} T^{− D2} det^{− 12} [ sin(Z) Z ] × × ∫_T 0 dτ_1 ∫_T 0 dτ_2 e^{−k·GB12 ·k}I^{μν,α}_{scal} , (3.4)

I^{μν,α}_{scal} = −(G̈^{μν}_{B11} − 2δ_{11}δ^{μν} )(k · Ġ_{B12})^α − [ G̈^{μα}_{B12} ( Ġ_{B12} · k )_ν + (μ ↔ ν) ] + + ( Ġ_{B12} · k )_μ( Ġ_{B12} · k )_ν ( k · Ġ_{B12} )_α − 4ξ̄(δ^{μν} k^2 − k^μk^ν ) ( k · Ġ_{B12} )_α . (3.5)

– 8 –

It is useful to add to I^{μν,α}_{scal} e^{−k·GB12 ·k} the total derivative term 1 2 ∂ ∂τ_1 [ Ġ^{μα}_{B12} ( Ġ_{B12} · k )_ν e^{−k·GB12 ·k} + (μ ↔ ν) ] . (3.6)

Then I^{μν,α}_{scal} gets replaced by J^{μν,α}_{scal} ,

J^{μν,α}_{scal} = J^{μν,α}_{scal,1} + J^{(μν),α}_{scal,2} + J^{(μν),α}_{scal,3} + J^{μν,α}_{scal,4} (3.7)

where J^{(μν)} =^1_2 (J^{μν} + J^{νμ}) and

J^{μν,α}_{scal,1} = − ( G̈^{μν}_{B11} − 2δ_{11}δ^{μν} )( k · Ġ_{B12} )_α , J^{μν,α}_{scal,2} = Ġ^{μα}_{B12} ( G̈_{B12} · k )_ν − G̈^{να}_{B12} ( Ġ_{B12} · k )_μ , J^{μν,α}_{scal,3} = ( Ġ_{B12} · k )_μ[( Ġ_{B12} · k )_ν ( k · Ġ_{B12} )_α − Ġ^{να}_{B12}k · Ġ_{B12} · k ] , J^{μν,α}_{scal,4} = −4ξ̄(δ^{μν} k^2 − k^μk^ν ) ( k · Ġ_{B12} )_α . (3.8)

Before proceeding further, let us use this integral representation to analyse the general structure of this amplitude. Although our calculation is nonperturbative in the external field, we can, of course, use the series expansions of the worldline Green’s functions (2.13) to compute the amplitude involving a given number of interactions with the field. It is then immediately seen that this amplitude is nonzero only if this number of interactions is odd, since otherwise the τ_{1,2} integrations vanish by antisymmetry. Also, the integrand contains terms which are singular at T = 0, indicating UV divergences. While so far our calculation has been valid for any spacetime dimension D, the structure of these divergences depends on D. We therefore confine ourselves to the four dimensional case in the following. For D = 4 the terms J^{μν,α}_{scal,3,4} are UV finite, while J^{μν,α}_{scal,1,2} contain terms with a logarithmic divergence at T = 0. Those divergent terms involve the field only linearly, and are thus easy to compute by expanding the formulas (2.13) to the linear order in F . In dimensional regularisation, the result is

Π^{μν,α}_{scal,div}(k) = ie^2κ 3(4π)^2 1 D − 4 C^{μν,α} (3.9) where

C^{μν,α} = (F · k)^αδ^{μν} + F^{μα}k^ν + F^{να}k^μ − (F · k)^μδ^{να} − (F · k)^ν δ^{μα} . (3.10)

As expected, this counterterm is just the momentum space version (f_{μν} = k_με_ν − k_ν ε_μ) of the tree level interaction term (1.2).

We perform renormalization by subtracting the amplitude at zero field strength and zero momentum. This can be done under the T - integral, leading to the following form of the renormalized amplitude Π̄:

Π̄^{μν,α}_{scal} (k) = eκ 64π^2 ∫_∞ 0 dT T^3 e^{−m2T} × (3.11) × { det^{− 12} [ sin(Z) Z ] ∫_T 0 dτ_1 ∫_T 0 dτ_2 e^{−k·GB12·k}J^{μν,α}_{scal} + 2 3 iT^2eC^{μν,α} } .

– 9 –

Further, again following [25, 36] we split G_{Bij} into

G_B = S_B + A_B (3.12)

where S^{μν}_B contains the even powers of F^{μν} in the power series representation of G^{μν}_B , and A^{μν}_B the odd ones. After this replacement all terms in the integrand are either symmetric or antisymmetric under the exchange τ_1 ↔ τ_2, and the antisymmetric ones can be deleted since their τ_{1,2} - integrals vanish. Note that the exponent k · G_{B12} · k = k · S_{B12} · k is symmetric under this exchange.

Further, as usual [36] we rescale τ_i = T u_i, i = 1, 2, and use the translation invariance in τ to set u_2 = 0. After analytic continuation to Minkowski spacetime,^4 this leads to our final result for this amplitude:

Π̄^{μν,α}_{scal} (k) = eκ 64π^2 ∫_∞ 0 ds s e^{−ism2} { det^{− 12}

[sin(Z) Z ] ∫ 1 0 du_1 e^{−k·SB12·k} 4∑ m=1 J̃^{(μν),α} scal,m + 2 3 ieC^{μν,α} }

(3.13) where C^{μν,α} is as in (3.10) (with δ^{μν} → η^{μν} ) and

J̃^{μν,α}_{scal,1} = − ( S̈^{μν}_{B11} − 2δ_{11}η^{μν} )( k · Ȧ_{B12} )_α , J̃^{μν,α}_{scal,2} = Ṡ^{μα}_{B12} ( Ä_{B12} · k )_ν − Ä^{να}_{B12} ( Ṡ_{B12} · k )_μ + Ȧ^{μα}_{B12} ( S̈_{B12} · k )_ν − S̈^{να}_{B12} ( Ȧ_{B12} · k )_μ , J̃^{μν,α}_{scal,3} = ( Ṡ_{B12} · k )_μ[( Ṡ_{B12} · k )_ν ( k · Ȧ_{B12} )_α + + ( Ȧ_{B12} · k )_ν ( k · Ṡ_{B12} )_α − Ȧ^{να}_{B12}k · Ṡ_{B12} · k ] + + ( Ȧ_{B12} · k )_μ[( Ṡ_{B12} · k )_ν ( k · Ṡ_{B12} )_α + + ( Ȧ_{B12} · k )_ν ( k · Ȧ_{B12} )_α − Ṡ^{να}_{B12}k · Ṡ_{B12} · k ] , J̃^{μν,α}_{scal,4} = −4ξ̄(η^{μν} k^2 − k^μk^ν ) ( k · Ȧ_{B12} )_α . (3.14)

For applications of this amplitude it will be necessary to write the matrix functions S, A and their derivatives in more explicit form. A suitable representation has been given in [25, 36]. Let F =^1_2 (B^2 − E^2), G = B · E the two Maxwell invariants and a ≡ √√ F^2 + G^2 + F , b ≡ √√ F^2 + G^2 − F (3.15)

so that a^2 − b^2 = B^2 − E^2 and ab = E · B. Let z_+ ≡ iesa , z_− ≡ −esb . (3.16) Then the determinant factor decomposes as

det^{− 12} [ sin(Z) Z ] = z_+z_− sinh(z_+)sinh(z_−)

. (3.17)

4We use the metric tensor (η^{μν} ) = diag(− + ++) in Minkowski spacetime. The analytic continuation from euclidean to Minkowski space amounts to substituting δ^{μν} → η^{μν} , k^4 → −ik^0, T → is.

– 10 –

Let further Ẑ_+ ≡ aF − b F̃ a^2 + b^2 , Ẑ_− ≡ −i bF + aF̃ a^2 + b^2

, (3.18)

with F̃_{μν} =^1_2 ε_{μναβ} F^{αβ} the dual field strength tensor.^5 The matrices Ẑ_± fulfill

Ẑ_+ · Ẑ_− = 0 (3.19) and Ẑ^2_+ = F^2 − b^21 a^2 + b^2

, Ẑ^2_− = −

F^2 + a^21 a^2 + b^2

. (3.20)

Then one has the following orthogonal matrix decompositions:

S_{B12} = i s 2 ∑ a=± A^a_{B12} z_a Ẑ^2_a ,

Ṡ_{B12} = − ∑ a=± S^a_{B12}Ẑ^2_a ,

Ȧ_{B12} = −i ∑ a=± A^a_{B12}Ẑ_a ,

S̈_{B12} = G̈_{B12}1 − 2i s ∑ a=± z_aA^a_{B12}Ẑ^2_a ,

Ä_{B12} = 2 s ∑ a=± z_aS^a_{B12}Ẑ_a . (3.21)

These formulas are written in terms of the following four basic scalar, dimensionless coefficient functions:

S^±_{B12} = sinh(z_±Ġ_{B12})

sinh(z_±) , A^±_{B12} = cosh(z_±Ġ_{B12})

sinh(z_±) − 1 z_± . (3.22)

Note that with respect to the exchange u_1 ↔ u_2 the S^±_{B12} are odd and the A^±_{B12} even. Thus only the latter have non-vanishing coincidence limits,

A^±_{Bii} = coth(z_±) − 1 z_± . (3.23)

4. Calculation of the photon — graviton amplitude in a constant electromagnetic field: spinor loop

The corresponding calculation for the spinor loop case proceeds in a completely analogous way:

⟨h(k_1)A(k_2)⟩ = − 1 2 (−ie) ( − κ 4 )∫_∞ 0 dT T e^{−m2T} ∫ P DxDaDbDc ∫ A DψDα × 5In our conventions ε^{0123} = 1.

– 11 –

×V^h_{spin}[k_1, ε^h]V^A_{spin}[k_2, ε^A] exp [ − ∫_T 0 dτ ( 1 4 (ẋ^2+a^2+b · c) + 1 2 ie x^μF_{μν}ẋ^ν + + 1 2 (ψ · ψ̇ + α^2) − ieψ^μF_{μν} ψ^ν )]

= − ieκ 8 2^{D2} (2π)^Dδ(k_1 + k_2) ∫_∞ 0 dT T e^{−m2 T} (4πT )^{− D2} det^{− 12} [ tan(Z) Z ] × × ⟨ V^h_{spin}[k_1, ε^h]V^A_{spin}[k_2, ε^A] ⟩ . (4.1)

Here V^{A,h}_{spin} now represent the photon and graviton vertex operators for the fermion loop case, (2.25) and (2.33). The additional Wick contraction rules have been given in (2.20), (2.34). Performing the Wick contractions in (4.1) we obtain the analogue of (3.4),

Π^{μν,α}_{spin} (k) = − eκ2^D2

8(4π)^D2 ∫_∞ 0 dT T e^{−m2 T} T^{− D2} det^{− 12} [ tan(Z) Z ] × × ∫_T 0 dτ_1 ∫_T 0 dτ_2 e^{−k·GB12 ·k}I^{μν,α}_{spin} . (4.2)

Here I^{μν,α}_{spin} = I^{μν,α}_{scal} (ξ̄ = 0) + I^{(μν),α}_{extra} (4.3)

where

I^{μν,α}_{extra} = − [ Ġ^{μν}_{F 11} − 2δ_{11}δ^{μν} + ( G_{F 11} · k )_ν ( Ġ_{B12} · k )_μ]( G_{F 22} · k )_α + + ( G_{F 12} · k )_μ Ġ^{να}_{F 12} − G^{μα}_{F 12} ( Ġ_{F 12} · k )_ν + + [ G^{να}_{F 12} ( k · G_{F 12} · k ) − ( G_{F 12} · k )_ν ( k · G_{F 12} )_α]( Ġ_{B12} · k )_μ + + ( Ġ^{μν}_{F 11} − 2δ_{11}δ^{μν} )( k · Ġ_{B12} )_α + + [ G̈^{μν}_{B11} − 2δ_{11}δ^{μν} − ( Ġ_{B12} · k )_μ( Ġ_{B12} · k )_ν ]( G_{F 22} · k )_α − − [ G̈^{μα}_{B12} − ( Ġ_{B12} · k )_μ( k · Ġ_{B12} )_α]( G_{F 11} · k )_ν . (4.4)

It is useful to replace I^{μν,α}_{spin} by

J^{μν,α}_{spin} ≡ J^{μν,α}_{scal} (ξ̄ = 0) + I^{(μν),α}_{extra} . (4.5)

The integrand can then be rearranged in the following way (compare with (3.8) for the scalar loop):

J^{μν,α}_{spin} = J^{μν,α}_{spin,1} + J^{(μν),α}_{spin,2} + J^{(μν),α}_{spin,3} (4.6)

where

J^{μν,α}_{spin,1} = ( G̈^{μν}_{B11} − Ġ^{μν}_{F 11} )[ (Ġ_{B21} + G_{F 22}) · k ]_α

J^{μν,α}_{spin,2} = Ġ^{μα}_{B12} ( G̈_{B12} · k )_ν − G^{μα}_{F 12} ( Ġ_{F 12} · k )_ν −

– 12 –

−G̈^{να}_{B12} [ (Ġ_{B12} + G_{F 11}) · k ]_μ + Ġ^{να}_{F 12} ( G_{F 12} · k )_μ

J^{μν,α}_{spin,3} = − ( Ġ_{B12} · k )_μ{[ (Ġ_{B12} + G_{F 11}) · k ]_ν [ (Ġ_{B21} + G_{F 22}) · k ]_α − − ( G_{F 12}k )_ν ( G_{F 21}k )_α + Ġ^{να}_{B12}k · Ġ_{B12} · k − G^{να}_{F 12}k · G_{F 12} · k } . (4.7)

As in the scalar loop case, renormalization requires only the subtraction of a logarithmic divergence, yielding

Π̄^{μν,α}_{spin} (k) = − eκ 32π^2 ∫_∞ 0 dT T^3 e^{−m2T} × × { det^{− 12}

[tan(Z) Z ] ∫ T 0 dτ_1 ∫_T 0 dτ_2 e^{−k·GB12·k}J^{μν,α}_{spin} − 4 3 iT^2eC^{μν,α} } . (4.8)

The tensor C^{μν,α} appearing in the counterterm is the same as in the scalar loop case, eq. (3.10).

We now need also the analogue of the decomposition formulas (3.12), (3.21), (3.22) for G_F ,

G_F = S_F + A_F , (4.9) S_{F 12} = − ∑ a=± S^a_{F 12} Ẑ^2_a ,

A_{F 12} = −i ∑ a=± A^a_{F 12} Ẑ_a ,

Ṡ_{F 12} = Ġ_{F 12} 1 − 2i s ∑ a=± z_aA^a_{F 12} Ẑ^2_a ,

Ȧ_{F 12} = 2 s ∑ a=± z_aS^a_{F 12} Ẑ_a , (4.10)

written in terms of the basic coefficient functions

S^±_{F 12} ≡ G_{F 12} cosh(z_±Ġ_{B12}) cosh(z_±) , A^±_{F 12} ≡ G_{F 12} sinh(z_±Ġ_{B12}) cosh(z_±) , A^±_{F 11} = tanh(z_±) .

As in the bosonic case S^±_{F 12}, (A^±_{F 12}) are odd (even) with respect to 1 ↔ 2.

Proceeding as in the scalar loop case, we obtain our final result for the amplitude:

Π̄^{μν,α}_{spin} (k) = − eκ 32π^2 ∫_∞ 0 ds s e^{−ism2} { z_+z_− tanh(z_+) tanh(z_−)

∫_1 0 du_1 ×

× e^{−k·SB12 ·k} 3∑ m=1 J̃^{(μν),α} spin,m − 4 3 ieC^{μν,α} } (4.11)

– 13 – where

J̃^{μν,α}_{spin,1} = − ( S̈^{μν}_{B11} − Ṡ^{μν}_{F 11}) ( k · (Ȧ_{B12} + A_{F 22}) )_α , J̃^{μν,α}_{spin,2} = Ṡ^{μα}_{B12} ( Ä_{B12} · k )_ν − S^{μα}_{F 12} ( Ȧ_{F 12} · k )_ν − Ä^{να}_{B12} ( Ṡ_{B12} · k )_μ + +Ȧ^{να}_{F 12} ( S_{F 12} · k )_μ + Ȧ^{μα}_{B12} ( S̈_{B12} · k )_ν − A^{μα}_{F 12} ( Ṡ_{F 12} · k )_ν − −S̈^{να}_{B12} ( (Ȧ_{B12} + A_{F 11}) · k )_μ + Ṡ^{να}_{F 12} ( A_{F 12} · k )_μ , J̃^{μν,α}_{spin,3} = ( Ṡ_{B12} · k )_μ[( Ṡ_{B12} · k )_ν ( k · (Ȧ_{B12} + A_{F 11}) )_α − ( S_{F 12} · k )_ν ( k · A_{F 12} )_α + + (( Ȧ_{B12} + A_{F 11} ) · k )_ν ( k · Ṡ_{B12} )_α − ( A_{F 12} · k )_ν ( k · S_{F 12} )_α − − Ȧ^{να}_{B12}k · Ṡ_{B12} · k + A^{να}_{F 12}k · S_{F 12} · k ] + + ( Ȧ_{B12} · k )_μ[( Ṡ_{B12} · k )_ν ( k · Ṡ_{B12} )_α − ( S_{F 12} · k )_ν ( k · S_{F 12} )_α

+ ( (Ȧ_{B12} + A_{F 11}) · k )_ν ( k · (Ȧ_{B12} + A_{F 11}) )_α − (4.12) − ( A_{F 12} · k )_ν ( k · A_{F 12} )_α − Ṡ^{να}_{B12}k · Ṡ_{B12} · k + S^{να}_{F 12}k · S_{F 12} · k ] . 5. Conclusions

We have obtained compact explicit integral representations for the one-loop photongraviton amplitudes involving a scalar or spinor loop and a constant electromagnetic field. The use of the constant field worldline formalism along the lines of [25] has allowed us to achieve this with modest calculational effort, and without having to specialize to a special Lorentz frame. As usual in this formalism the calculation for the spinor loop case has been an extension of the scalar loop one. Since the application of this formalism to gravitational backgrounds is still novel we have presented the calculation in some detail.

We have verified that our results for these amplitudes obey the gravitational and gauge Ward identities. As a further check, we have also shown that their low energy limits agree with the result of an effective action calculation [39].

In the upcoming second part of this paper we use our results for a numerical study of the photon-graviton conversion process in a magnetic field.

Acknowledgments

C.S. thanks H. Gies for helpful discussions. Both authors thank Stefan Theisen and the Albert-Einstein Institute, Potsdam, for hospitality. C.S. also thanks V. Villanueva and the Institute of Physics and Mathematics of UMSNH for hospitality.

A. Ward identities

In this appendix we derive the relevant Ward identities and verify that our graviton-photon amplitudes satisfy them. This provides a good check on the correctness of our calculations.

– 14 –

There are two types of Ward identities: one that originates from gauge invariance and one that follows from reparametrization invariance (general coordinate invariance).

Gauge transformations are defined by

δ_GA_μ = ∂_μλ , δ_Gg_{μν} = 0 (A.1)

with an arbitrary local parameter λ. Then gauge invariance of the effective action

δ_GΓ[g, A] = 0 (A.2)

implies that ∇_μ ( 1 √ g δΓ δA_μ ) = 0 . (A.3)

Similarly, infinitesimal reparametrizations are given by

δ_RA_μ = ξ^ν ∂_ν A_μ + ∂_μξ^ν A_ν , δ_Rg_{μν} = ∇_μξ_ν + ∇_ν ξ_μ (A.4)

with arbitrary local parameters ξ^μ. The invariance of the effective action

δ_RΓ[g, A] = 0 (A.5)

now implies ∇_μ ( 2 √ g δΓ δg_{μν} + 1 √ g δΓ δA_μ A^ν ) − 1 √ g δΓ δA_μ ∇^ν A_μ = 0 . (A.6)

The Ward identities thus obtained can be combined and written more conveniently using standard tensor calculus as follows ∂_μ δΓ δA_μ = 0 , (A.7) 2∂_μ δΓ δg_{μν} + δΓ δA_μ ∂_μA^ν + Γ^ν_{μλ} ( 2 δΓ δg_{μλ} + δΓ δA_μ A^λ ) − δΓ δA_μ ∇^ν A_μ = 0 .

Now we are ready to consider the special case of the graviton-photon correlation function in flat space and in a constant electromagnetic background F_{μν} described by the gauge potential Ā_μ(x) =^1_2 x^ν F_{νμ} Γ^{μν,α}_{(x,y)} ≡ δ^2Γ δg_{μν} (x)δA_α(y) | | | |_{gμν =δμν , Aα=Āα} . (A.8)

Taking functional derivatives on the general Ward identities (A.7) to relate them to eq. (A.8) we obtain

∂^{(y)}_α Γ^{μν,α}_{(x,y)} = 0 , (A.9)

2∂^{(x)}_μ Γ^{μν,α}_{(x,y)} + δ^2Γ δA_μ(x)δA_α(y) | | |Fμ^ν + δΓ δA_μ(x) | | |(δ^{αν} ∂^{(x)}_μ − δ^α_μ ∂^ν_{(x)})δ^D(x − y) = 0 .

– 15 –

Now we Fourier transform these identities to momentum space ∫ dx_1 . . . dx_n e^{ik1x1+···+iknxn} Γ_{(x1,...,xn)} = (2π)^D δ(k_1 + · · · + k_n)Γ_{(k1,...,kn)} and from eqs. (A.9) we obtain

k_αΓ^{μν,α}_{(k,−k)} = 0 , (A.10) 2k_μΓ^{μν,α}_{(k,−k)} + iΓ^{μ,α}_{(k,−k)}F_μ^ν + Γ^μ_{(0)}(δ^{αν} k_μ − δ^α_μ k^ν ) = 0 .

One may already notice that the term proportional to Γ^μ_{(0)} can be discarded, since it vanishes at zero momentum. Thus we see that the gravitational Ward identity relates the graviton-photon amplitude to the photon-photon amplitude. The latter has been calculated in the worldline formalism in [25, 36]. The two point functions used above are simply related to the vacuum polarizations computed in the main text and in [25, 36] as follows Γ^{μ,α}_{(k,−k)} = −Π^{μ,α}(k) , κΓ^{μν,α}_{(k,−k)} = −Π^{μν,α}(k) . (A.11) Thus the expected Ward identities are

k_αΠ^{μν,α}(k) = 0 (A.12) and k_μΠ^{μν,α}(k) = i 2 κF^ν_μΠ^{μα}(k) . (A.13)

Let us start with the amplitude due to a scalar loop. These Ward identities are most easily checked using the form (3.8). To verify the gauge Ward identity (A.12) note that J^{μν,α}_{scal,2,3,4} vanish at the integrand level when contracted with k_α. This is not the case for k_αJ^{μν,α}_{scal,1}, but for this term the integral vanishes because k · Ġ_{B12} · k is antisymmetric in τ_{1,2}.

The verification of the gravitational Ward identity (A.13) requires a bit more work, since here only k_μJ^{μν,α}_{scal,4} drops out at the integrand level. We can simplify it by adding a suitable total derivative term:

k_μJ^{μν,α}_{scal} e^{(·)} → k_μJ^{μν,α}_{scal} e^{(·)} − ( G̈^{να}_{B11} − 2δ_{11}δ^{να} ) ∂ ∂τ_1 e^{(·)} + 1 2 ∂ ∂τ_1 {[ ( k · Ġ_{B12} )_α( Ġ_{B12} · k )_ν − Ġ^{να}_{B12}k · Ġ_{B12} · k ] e^{(·)} } (A.14) = {( k·Ġ_{B12} )_α( (G̈_{B12} + 2δ_{11}1) · k )_ν − ( G̈_{B12} + 2δ_{11}1 )_{να} k · Ġ_{B12} · k } e^{(·)} = {( k·Ġ_{B12} )_α( (G̈_{B12} − G̈_{B12}) · k )_ν − ( G̈_{B12} − G̈_{B12} )_{να} k · Ġ_{B12} · k } e^{(·)} .

Here in the last step we have used the fact that Ġ_{B12} and k · Ġ_{B12} · k have vanishing coincident limits to replace 2δ_{11} by G̈_{B11} − G̈_{B12} = 2δ_{11} − 2δ_{12}.

– 16 –

Next, let us write down the representation corresponding to (3.4) for the photon - photon amplitude in a constant field [25, 36]:

Π^{μα}_{scal}(k) = − e^2

(4π)^D2 ∫_∞ 0 dT T e^{−m2T} T^{− D2} det^{− 12} [ sin(Z) Z ] ∫_T 0 dτ_1 ∫_T 0 dτ_2e^{−k·GB12·k}I^{μα}_{scal} (A.15) where I^{μα}_{scal} = Ġ^{μα}_{B12} k · Ġ_{B12} · k − ( Ġ_{B12} · k )_μ( k · Ġ_{B12} )_α . (A.16)

Using (3.4), (A.14), and (A.15), the gravitational Ward identity (A.13) can now be easily verified using the matrix identity

G̈_{B12} − G̈_{B12} = 2ieF · Ġ_{B12} . (A.17)

Let us now consider the amplitude due to a fermion loop. The gauge Ward identity is again easily seen to be satisfied. To check the more subtle gravitational Ward identities we need the photon-photon amplitude in the constant electromagnetic background [25, 36]

Π^{μα}_{spin}(k) = e^22^D2

2(4π)^D2 ∫_∞ 0 dT T e^{−m2T} T^{− D2} det^{− 12} [ tan(Z) Z ] ∫_T 0 dτ_1 ∫_T 0 dτ_2e^{−k·GB12·k}I^{μα}_{spin} (A.18) where I^{μα}_{spin} = I^{μα}_{scal} + I^{μα}_{extra} (A.19)

with I^{μα}_{scal} given in (A.16) and

I^{μα}_{extra} = −G^{μα}_{F 12} ( k · G_{F 12} · k ) + ( G_{F 12} · k )_μ( k · G_{F 12} )_α + ( G_{F 11} · k )_μ( G_{F 22} · k )_α − − ( G_{F 11} · k )_μ( k · Ġ_{B12} )_α + ( Ġ_{B12} · k )_μ( G_{F 22} · k )_α . (A.20)

We essentially proved earlier that the scalar part satisfies the gravitational Ward identity. Thus we contract the remaining terms with k^μ and add a suitable total derivative k_μI^{(μν),α} extra e

(·) + ∂ ∂τ_1 T^{να} (A.21)

with

T^{να} = 1 2 [( G_{F 11} · k )_ν ( G_{F 22} · k )_α + ( G_{F 11} · k )_ν ( k · Ġ_{B12} )_α (A.22)

+ G^{να}_{F 12} ( k · G_{F 12} · k ) − ( G_{F 12} · k )_ν ( k · G_{F 22} )_α − 2 ( Ġ_{B12} · k )_ν ( G_{F 22} · k )_α] e^{(·)}

to obtain k_μI^{(μν),α} extra e

(·) + ∂ ∂τ_1 T^{να} = − [( k · G̈_{B12} )_ν + ( k · Ġ_{F 11} )_ν ]( G_{F 22} · k )_α + +Ġ^{να}_{F 12} ( k · G_{F 12} · k ) − ( Ġ_{F 12} · k )_ν ( k · G_{F 12} )_α + + [( k · Ġ_{F 11} )_ν − 2δ_{11}k^ν ]( k · Ġ_{B12} )_α . (A.23)

– 17 –

Now using G̈_{B12} = G̈_{B12} + 2ieF Ġ_{B12} , Ġ_{F 12} = 2δ_{12} + 2ieF G_{F 12} (A.24) one can show that eq. (A.13) holds. References

[1] G.G. Raffelt, Stars as laboratories for fundamental physics, Chicago University Press, Chicago 1996.

[2] W. Dittrich and H. Gies, Probing the quantum vacuum, Springer-Verlag, Berlin 2000. [3] M.E. Gertsenshtein, Wave resonance of light and gravitational waves, Sov. Phys. JETP 14 (1962) 84.

[4] Ya. B. Zel’dovich and I.D. Novikov, The structure and evolution of the universe, Chicago University Press, Chicago 1983.

[5] G. Raffelt and L. Stodolsky, Mixing of the photon with low mass particles, Phys. Rev. D 37 (1988) 1237.

[6] P. Sikivie, Experimental tests of the “invisible” axion, Phys. Rev. Lett. 51 (1983) 1415, erratum ibid. 52 (1984) 695.

[7] D.E. Morris, Axion mass limits from pulsar x-rays, Phys. Rev. D 34 (1986) 843. [8] H.N. Long, D.V. Soa and T.A. Tran, Electromagnetic-gravitational conversion cross-sections in external electromagnetic fields, Mod. Phys. Lett. A 9 (1994) 3619 [astro-ph/9410003].

[9] J.C.R. Magueijo, Cosmic magnetic fields imprint on the cosmic radiation, Phys. Rev. D 49 (1994) 671.

[10] P. Chen, Resonant photon-graviton conversion and cosmic microwave background fluctuations, Phys. Rev. Lett. 74 (1995) 634, erratum ibid. 74 (1995) 3091.

[11] A.N. Cillis and D.D. Harari, Photon-graviton conversion in a primordial magnetic field and the cosmic microwave background, Phys. Rev. D 54 (1996) 4757 [astro-ph/9609200].

[12] N. Arkani-Hamed, S. Dimopoulos and G.R. Dvali, The hierarchy problem and new dimensions at a millimeter, Phys. Lett. B 429 (1998) 263 [hep-ph/9803315]; Phenomenology, astrophysics and cosmology of theories with sub-millimeter dimensions and TeV scale quantum gravity, Phys. Rev. D 59 (1999) 086004 [hep-ph/9807344].

[13] C. Deffayet and J.-P. Uzan, Photon mixing in universes with large extra-dimensions, Phys.

Rev. D 62 (2000) 063507 [hep-ph/0002129].

[14] F. Ravndal and M. Sundberg, Graviton photon conversion on spin 0 and 1/2 particles, Int.

J. Mod. Phys. A 17 (2002) 3963 [gr-qc/0112032].

[15] Z. Bern and D.A. Kosower, Color decomposition of one loop amplitudes in gauge theories, Nucl. Phys. B 362 (1991) 389; The computation of loop amplitudes in gauge theories, Nucl. Phys. B 379 (1992) 451.

[16] M.J. Strassler, Field theory without feynman diagrams: one loop effective actions, Nucl.

Phys. B 385 (1992) 145 [hep-ph/9205205].

– 18 –

[17] Z. Bern, L.J. Dixon and D.A. Kosower, One loop corrections to five gluon amplitudes, Phys.

Rev. Lett. 70 (1993) 2677 [hep-ph/9302280].

[18] Z. Bern, D.C. Dunbar and T. Shimada, String based methods in perturbative gravity, Phys.

Lett. B 312 (1993) 277 [hep-th/9307001].

[19] D.C. Dunbar and P.S. Norridge, Calculation of graviton scattering amplitudes using string based methods, Nucl. Phys. B 433 (1995) 181 [hep-th/9408014].

[20] M.G. Schmidt and C. Schubert, On the calculation of effective actions by string methods, Phys. Lett. B 318 (1993) 438 [hep-th/9309055].

[21] D. Cangemi, E. D’Hoker and G.V. Dunne, Derivative expansion of the effective action and vacuum instability for QED in (2 + 1)-dimensions, Phys. Rev. D 51 (1995) 2513 [hep-th/9409113].

[22] S.L. Adler and C. Schubert, Photon splitting in a strong magnetic field: recalculation and comparison with previous calculations, Phys. Rev. Lett. 77 (1996) 1695 [hep-th/9605035].

[23] M. Reuter, M.G. Schmidt and C. Schubert, Constant external fields in gauge theory and the spin 0, 1/2, 1 path integrals, Ann. Phys. (NY) 259 (1997) 313 [hep-th/9610191].

[24] V.P. Gusynin and I.A. Shovkovy, Derivative expansion for the one-loop effective lagrangian in qed, Can. J. Phys. 74 (1996) 282–289 [hep-ph/9509383]; Derivative expansion of the effective action for qed in 2+1 and 3+1 dimensions, J. Math. Phys. 40 (1999) 5406 [hep-th/9804143].

[25] C. Schubert, Vacuum polarisation tensors in constant electromagnetic fields, I, Nucl. Phys. B 585 (2000) 407 [hep-ph/0001288].

[26] G.V. Dunne and C. Schubert, Two-loop self-dual Euler-Heisenberg lagrangians, I: real part and helicity amplitudes, J. High Energy Phys. 08 (2002) 053 [hep-th/0205004]; Two-loop self-dual euler-heisenberg lagrangians, II: imaginary part and borel analysis, J. High Energy Phys. 06 (2002) 042 [hep-th/0205005].

[27] L. Magnea, R. Russo and S. Sciuto, Two-loop Euler-Heisenberg effective actions from charged open strings, hep-th/0412087.

[28] F. Bastianelli and A. Zirotti, Worldline formalism in a gravitational background, Nucl. Phys.

B 642 (2002) 372 [hep-th/0205182].

[29] F. Bastianelli, The path integral for a particle in curved spaces and Weyl anomalies, Nucl.

Phys. B 376 (1992) 113 [hep-th/9112035].

[30] F. Bastianelli and P. van Nieuwenhuizen, Trace anomalies from quantum mechanics, Nucl.

Phys. B 389 (1993) 53 [hep-th/9208059].

[31] J. De Boer, B. Peeters, K. Skenderis and P. Van Nieuwenhuizen, Loop calculations in quantum mechanical nonlinear sigma models, Nucl. Phys. B 446 (1995) 211 [hep-th/9504097]; Loop calculations in quantum-mechanical non-linear sigma models sigma models with fermions and applications to anomalies, Nucl. Phys. B 459 (1996) 631 [hep-th/9509158].

[32] F. Bastianelli, K. Schalm and P. van Nieuwenhuizen, Mode regularization, time slicing, Weyl ordering and phase space path integrals for quantum mechanical nonlinear sigma models, Phys. Rev. D 58 (1998) 044002 [hep-th/9801105].

[33] H. Kleinert and A. Chervyakov, Reparametrization invariance of path integrals, Phys. Lett. B 464 (1999) 257 [hep-th/9906156].

– 19 –

[34] F. Bastianelli, O. Corradini and P. van Nieuwenhuizen, Dimensional regularization of nonlinear sigma models on a finite time interval, Phys. Lett. B 494 (2000) 161 [hep-th/0008045].

[35] F. Bastianelli, O. Corradini and A. Zirotti, Dimensional regularization for SUSY sigma models and the worldline formalism, Phys. Rev. D 67 (2003) 104009 [hep-th/0211134]; Brst treatment of zero modes for the worldline formalism in curved space, J. High Energy Phys. 01 (2004) 023 [hep-th/0312064].

[36] C. Schubert, Perturbative quantum field theory in the string-inspired formalism, Phys. Rept.

355 (2001) 73 [hep-th/0101036].

[37] R. Shaisultanov, On the string-inspired approach to QED in external field, Phys. Lett. B 378 (1996) 354 [hep-th/9512142].

[38] T.D. Lee and C.N. Yang, Theory of charged vector mesons interacting with the electromagnetic field, Phys. Rev. 128 (1962) 885;

E.S. Abers and B.W. Lee, Gauge theories, Phys. Rev. 9 (1973) 1.

[39] H. Gies and R. Shaisultanov, unpublished work (private communication by H. Gies).

– 20 –